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In the path integral expression for a Feynman propagator of a spinless particle of mass m, the path 
integral amplitude for a path of proper length lZ(x, x'lg^u) connecting events x and x in a spacetime 
described by the metric tensor p M „ is exp— [mTZ(x,x'\g^ v )\. In a recent paper, assuming the path 
integral amplitude to be invariant under the duality transformation 1Z — > (L%/1Z), Padmanabhan 
has evaluated the modified Feynman propagator in an arbitrary curved spacetime. He finds that the 
essential feature of this 'principle of path integral duality' is that the Euclidean proper distance (A2;) 2 
between two infinitesimally separated spacetime events is replaced by [(Aa;) 2 + 4Lp] . In other 
words, under the duality principle the spacetime behaves as though it has a 'zero-point length' Lp, 
a feature that is expected to arise in a quantum theory of gravity. 

In the Schwinger's proper time description of the Feynman propagator, the weightage factor for 
' a path with a proper time s is exp— (m 2 s). Invoking Padmanabhan's 'principle of path integral 

duality' corresponds to modifying the weightage factor exp— (m 2 s) to exp — [m 2 s + (Lp/s)] . In 
this paper, we use this modified weightage factor in Schwinger's proper time formalism to evaluate 
' the quantum gravitational corrections to some of the standard quantum field theoretic results in 

flat and curved spacetimes. In flat spacetime, we evaluate the corrections to: (1) the Casimir effect, 
(2) the effective potential for a self-interacting scalar field theory, (3) the effective Lagrangian for 
a constant electromagnetic background and (4) the thermal effects in the Rindler coordinates. In 
an arbitrary curved spacetime, we evaluate the corrections to: (1) the effective Lagrangian for the 
gravitational field and (2) the trace anomaly. In all these cases, we first present the conventional 
result and then go on to evaluate the corrections with the modified weightage factor. We find 
■ that the extra factor exp— (Lp/s) acts as a regulator at the Planck scale thereby 'removing' the 

divergences that otherwise appear in the theory. Finally, we discuss the wider implications of our 
analysis. 
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All attempts to provide a quantum frame work for the gravitational field have so far proved to be unsuccessful. In 
the absence of a viable quantum theory of gravity, it is interesting to ask whether we can say anything at all about 
the effects of metric fluctuations on quantum field theory in flat and curved spacetimes. 

The Planck length Lp = (Gh/c 3 ) 1 ^ 2 is expected to play a vital role in the ultimate quantum theory of gravity. 
(We shall set h — c = 1.) Simple thought experiments clearly indicate that it is not possible to devise experimental 
procedures which will measure lengths with an accuracy greater than about O(Lp) JD. Also, in some simple models 
of quantum gravity, when the spacetime interval is averaged over the metric fluctuations, it is found to be bounded 
from below at 0(Lp) These results suggest that one can think of the Planck length Lp as a 'zero-point length' 
of spacetime. But how can such a fundamental length scale be introduced into quantum field theory in an invariant 
manner? 

The existence of a fundamental length implies that processes involving energies higher than Planck energies will be 
suppressed and the ultra-violet behavior of the theory will be improved. One direct consequence of such an improved 
behavior will be that the Feynman propagator will acquire a damping factor for energies higher than the Planck 
energy. The Feynman propagator Gp(x, x'lg^) in a given background metric g M „ can be expressed in Euclidean space 
as 

G F (x,x'\g IMV ) = exp - [m1l(x,x'\g^)} , (1) 

paths 
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where H(x : x'\g^ v ) is the proper length of a path connecting two events x and x' . The existence of a 'zero-point 
length' Lp will correspond to the fact that paths with a proper length 1Z <C Lp will be suppressed in the path 
integral. In two recent papers ||0], Padmanabhan has been able to capture exactly such a feature by assuming the 
weightage factor for a path of proper length 1Z to be invariant under the duality transformation 1Z — > (Lp /TZj . On 
invoking such a 'principle of path integral duality', the Feynman propagator above takes the following form: 

G F (x,x'\g^) = ^ exp- [mTZ(x, x'\g^) + (L P /TZ(x,x'\gfj, v ))] . (2) 

paths 

(It can so happen that the fundamental length scale is not actually Lp but (rjLp), where r\ is a factor of order unity. 
Therefore, in this paper, when we say that the fundmental length is Lp, we actually mean that it is of O(Lp).) It turns 
out that the net effect of such a modification is to add the quantity (— 4Lp) to the Lorentzian proper distance (Ax) 2 
between two spacetime events x and x' in the original propagator. In other words, the postulate of the path integral 
duality proves to be equivalent to introducing a 'zero-point length' of 0(Lp) in spacetime. 

Two points needs to be stressed regarding the 'principle of path integral duality'. Firstly, this duality principle is 
able to introduce the fundamental length scale Lp into quantum field theory in an invariant manner. Secondly, it is 
able to provide an ultra-violet regulator at the Planck scale thereby rendering the theory finite. These two features 
of the duality principle can be illustrated with the example of the Feynman propagator in flat spacetime. In flat 
spacetime, the Feynman propagator G F (x, x'\rj^ u ) can be expressed as a function of the Lorentz invariant spacetime 
interval (x— x') 2 . (The metric signature we shall use in this paper is such that (x— x') 2 > for timelike events x and x' .) 
As we have mentioned in the last paragraph, invoking the 'principle of path integral duality' corresponds to modifying 
the spacetime interval (x — x') 2 to [(x — x') 2 — -iLp~\ in the Feynman propagator &0|. Since [(x — x') 2 — ^L 2 p\ is 
again a Lorentz invariant quantity, the modified Feynman propagator proves to be Lorentz invariant. Also, in the 
limit of x — > x' the original Feynman propagator has an ultra-violet divergence whereas the modified propagator stays 
finite. Thus, the 'principle of path integral duality' is not only able to introduce the fundamental length scale Lp into 
quantum field theory thereby rendering it finite, it is able to do so in an invariant manner. 

In Schwinger's proper time formalism, the Euclidean space Feynman propagator described by Eq. (|l|) above can be 
expressed as follows || : 

/>OG 

G F {x,x'\ 9tl „)= dse- m2s K(x,x';s\ 9flI/ ), (3) 
Jo 

where K(x,x'; s|<fyt„) is the probability amplitude for a particle to propagate from x to x' in a proper time interval s 
in a given background spacetime described by the metric tensor <7 M „. The path integral kernel K (x, x ; s\g^ u ) is given 
by 

K(x,x';s\ gfiv ) = Jvxexp-y^ J ds g M „ i M x"j . (4) 

In his paper Q], Padmanabhan has shown that, in Schwinger's proper time formalism, invoking the 'principle of 
path integral duality' corresponds to modifying the weightage given to a path of proper time s from exp— (m 2 s) to 
cxp — [m 2 s + (Lp/s)] . That is, the modified Feynman propagator as defined in Eq. (||) above is given by the following 
integral: 

/>oo 

Gl{x,x'\ gil „) = dse- m " s e~^ K ' s ^ K(x,x'; S \g^), (5) 
Jo 

where K(x,x';s\g f _ tu ) is the same as in Eq. (||). 

Consider a D-dimensional spacetime described by the metric tensor g^ „. Let us assume that a quantized scalar 
field $ of mass m satisfies the following equation of motion: 

(H + m 2 )$ = 0, (6) 

where H is a differential operator in the D-dimensional spacetime. Then, in Lorentzian space, an effective Lagrangian 
corresponding to the operator H can be defined as follows Q : 

* Jo s 

where 
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K(x,x;s\g^) = (x\e- lHs \x). (8) 

(If the quantum scalar field interacts either with itself or with an external classical field then £ corr will prove to 
be the correction to the Lag r£Lngia,ii describing the clcLSsiccLl background.) The quantity K(x^ x\ s\q^ v ) is the path 
integral kernel (in the coincidence limit) of a quantum mechanical system described by time evolution operator H. 
The integration variable s acts as the time parameter for the quantum mechanical system. 

We saw above that, in Euclidean space, invoking the 'principle of path integral duality' corresponds to modifying 
the weightage factor exp — (m 2 s) to exp — [m 2 s + {L 2 p /s)\. In Lorentzian space, this modified weightage factor is 
given by: exp — [im 2 s — i(L 2 p /sS . Therefore, invoking the duality principle corresponds to modifying the effective 
Lagrangian £ corr given by Eq. (|7) above to the following form: 

C rr = -| r-e— 2s e^K( X , X]S \g^), (9) 
z Jo s 

where K(x, x\ s\g^ v ) is still given by Eq. (||). Thus, we have been able to introduce the fundamental length scale Lp into 
standard quantum field theory. Using this modified effective Lagrangian, we can evaluate the quantum gravitational 
corrections to standard quantum field theoretic results in flat and curved spacetimes. 

The following remarks are in order. When we take into account the quantum nature of gravity, the metric fluc- 
tuates. Therefore, evaluating the quantum gravitational corrections to the quantum field theoretic results would 
mean averaging over these metric fluctuations. In some simple models of quantum gravity, it has been shown that 
averaging the spacetime interval (Ax) 2 over the metric fluctuations corresponds to modifying this spacetime interval 
to [(Ax) 2 — Lp] As we have pointed out earlier, the 'principle of path integral duality' is able to achieve exactly 
such a feature. Also, in the last paragraph, we saw that invoking the duality principle corresponds to simply modifying 
the weightage factor in the effective Lagrangian. Therefore, we say that the effective Lagrangian with the modified 
weightage factor as given by Eq. (^|) above contains the quantum gravitational corrections. 

This paper is organized as follows. In the following six sections, we evaluate the quantum gravitational corrections 
to some of the quantum field theoretic results in flat and curved spacetimes. In sections |l|-|v|, we evaluate the 
corrections to: (1) the Casimir effect, (2) the effective potential for a self-interacting scalar field theory, (3) the 
effective Lagrangian for a constant el ectro magnetic background and (4) the thermal effects in the Rindlcr coordinates, 
in flat spacetime. In sections [v| and 



Lagrangian and (2) the trace anoma. 



VII, we evaluate the quantum gravitational corrections to: (1) the gravitational 



y in an arbitrary curved spacetime. In all these sections, we shall first present 



the co nventi onal result and then go on to evaluate the corrections with the modified weightage factor. Finally, in 



section VIII, we discuss the wider implications of our analysis. 



II. CORRECTIONS TO THE CASIMIR EFFECT 



The presence of a pair of conducting plates alters the vacuum structure of the quantum field and as a result there 
arises a non-zero force of attraction between the two conducting plates. This effect is called the Casimir effect. In 
the conventional derivation of the Casimir effect, the difference between the energy in the Minkowski vacuum and the 
Casimir vacuum is evaluated and a derivative of this energy difference gives the force of attraction between the Casimir 
plates (see, for e.g., Ref. ||, pp. 138-141). To evaluate the Casimir force in such a fashion we need to know the normal 
modes of the quantum field with and without the plates. Therefore, if we are to evaluate the quantum gravitational 
corrections to the Casimir effect by the method described above, then we need to know as to how metric fluctuations 
will modify the modes of the quantum field. But, we only know as to how the quantum gravitational corrections can 
be introduced in the effective Lagrangian. Therefore, in this section, we shall first present a derivation of the Casimir 
effect from the effective Lagrangian approach and then go on to evaluate the quantum gravitational corrections to 
this effect with the modified weightage factor. The system we shall consider in this section is a massless scalar field in 
flat spacetime. Also, we shall evaluate the effective Lagrangian for two cases: (i) with vanishing boundary conditions 
on a pair of parallel plates and (ii) with periodic boundary conditions on the quantum field. 



A. Vanishing boundary conditions on parallel plates 



1. Conventional result 



Consider a pair of plates situated at z — and z = a. Let us assume that the scalar field $ vanishes on these plates. 
For such a case, the operator H corresponds to that of a free particle with the condition that its eigen functions 
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along the z-direction vanish at z — and z — a. Along the other (D — 1) perpendicular directions the operator H 
corresponds to that of a free particle without any boundary conditions. The complete quantum mechanical kernel 
can then be written as 

K(x, x'; s) — K z (z, z'\ s) x Kj_ (xj_ , x'j_ ; s). (10) 

(We shall refer to the flat spacetime kernel K(x, x' '; s\r)^) simply as K(x, x 1 ; s).) In the limit x±_ — > x'±, K±(x±, x'j_; s) 
is given by 



K ± (x ± ,x ± ;s)= ^. s)(D _ 1)/2 ). (11) 

The quantum mechanical kernel K z (z, z'; s) along the z-direction corresponds to that of a particle of mass (1/2) in 
an infinite square well potential with walls at z = and z = a. For such a case, the normalized eigen functions for an 
energy eigen value E = (mr 2 /a 2 ) are then given by (see, for e.g., Ref. (t]], p. 65) 

[2 

^e(z) — \ — sm(nirz/a), where n = 1,2,3 (12) 

V a 

The corresponding kernel can then be written using the Feynman-Kac formula as follows (see, for instance, Ref. [g], 
p. 88): 

K{z,z';s) = Y j *e{z) e~ lEs 

E 

-\ jTsm{mrz/a) sm(nirz'/a) e -(<» a *V« a ) 

v ' n— 1 
v ^ ^ n— — 00 

Usin g th e Poisson sum formula (see, for instance, Ref. Part I, p. 483) this kernel can be rewritten as (see, for e.g., 
Ref. go), P- 46) 

K z (z, z'; s) 

■^-TYj^) { exp [ i(z ~ z ' + 2na) 2 /As] - exp [i(z + z' + 2na) 2 /4s] X (14) 

' ' n— — oc ^ ^ 



so that in the coincidence limit (i.e. as z = z'), this kernel reduces to 

K z (z,z;s) : 
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-TT/2) E | cx P(* n2a2 / s ) ~ ex P [i(z + na) 2 /s] 1 

' * 7-1 — — oc ^ ^ 
oo OO ^ 

l + 2^e (m2a2/s) - ^ e l{z+na)2/s \ . (15) 



(47Tis) 1 /2 



n=l 



Therefore, the complete kernel (in the coincidence limit) corresponding to the operator H with the conditions that 
its eigen functions vanish at z = and z = a is given by 

K{x, x; s) — K z (z, z; s) x K _l (x ± , x± ; s) 

)( oo oo ^ 

l + 2 Ee (^A)_ £ e'^V. . (16) 
I, ri—l n— — oo ) 

Substituting this kernel in Eq. (J?]) and setting m — 0, we obtain that 



r 

*- / corr 



1 ^ f°° dS \l I oy c m 2 a 2 /, z( Z +na) 2 / S l (17) 

\ / / v \j I — 1 r>.= — rv~i I 



n— — oo 
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In flat spacetime, in the absence of any boundary conditions on the quantum scalar field $, the quantum mechanical 
kernel for the operator H corresponds to that of a free particle. The kernel for such a case is given by 

*> " ((dp*) ■ (18) 

That is there exists a non-zero £ C orr even for a free field in flat spacetime. Therefore, the flat spacetime contribution 
as given by 

£0 = ( 1 \ f°° ds e -im\ m 

has to be subtracted from all £ C orr- 

On subtracting the quantity £c 0rr (given by Eq. ( |l9| ) above with m set to zero) from the expression for £ C orr, we 
obtain that 



-*corr ; 



c — (c — Z" 

1 \ I"- (Is 



/•CO <J 

Jo « D m +1 \ jk A. 



2(4ni) D / 2 J J s (^/2)+ 

OO 

*E 



1 \ I roo j 

I \ l„v^ / p (m 2 a 2 /«) 



v y 'I n— 1 u 



E / T(lS)TT^ + " a)2/S ■ (M) 



71 — — OO 



The integrals in the above result can be expressed in terms of the Gamma function (see, for e.g., Ref. |Tj], p. 934). 
Therefore 



r(g/2) 

2(4tt) d / 2 



)( oo oo 
I i-i — 1 71— — CO 



2.(-£>/2) 



Now, consider the case Z) = 4. The first series in the above expression for £ corr can be expressed in terms of the 
Riemann zeta function (see, for e.g., Ref. p. 334) and, the second series can be summed using the following 
relation (cf. Ref. ||, Vol. I, p. 652): 

E(^«r p -(^V)^ [cot(7ra)] ' (22) 



71 — — CO 



with the result 



*- = (i335?) - ( igg^Ao ) < 3 - 2si " 2( " /a)) ■ (23) 

Let us now consider the case D — 2. For such a case, from Eqs. ( |2l| ) and (p2|), we obtain that 

4orr = (gfa) (1 - 3cosec 2 (7rz/a)) . (24) 

Note that there for both the cases D = 4 as well as D = 2, there arises a term that is dependent on z. (Compare 
these results with Eqs. (5.11) and (5.15) that appear in Ref. juj, p. 105.) 
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2. Results with the modified weightage factor 



Let us now evaluate the effective Lagrangian with the modified weightage factor. Substituting the kernel (|T^) in 
Eq. (pj) and setting m = 0, we obtain that 



oo 

2 2 , 



corr ~ \ 2(4Tri) D / 2 ) J s (D/2)+i e y + z 2^ e 2^ e f 



Just as in the case of £ C orr, there exists a non-zero C P OTT even for a free field in flat spacetime. This flat spacetime 
contribution has to be subtracted from all £corr- ^ is given by 

£P0 - ( I ^ [°° e -™ 2 ^ JL%/s (26] 

colT \2{4ni) D /*) J *(f/a)+i ' [M> 

On subtracting this quantity (with m set to zero) from the expression for C F OII , we get 

£ p = (C p - C P0 ) 

*-"corr V corr ^corr / 

_ ( 1 ^ f°° ds .i4/J 2 r>v/ 8 v P i(*+"«) 2 M 



ds e i[n 2 a 2 +Ll}/s 



2{Atti) d / 2 J 1 ^Jo s^ 2 > +1 



n— — oo 



As before, the integrals can be expressed in terms of the Gamma function with the result 

V V ' ' \ n — 1 n— — oo 

-2 / 2M--D/2 



00 — £>/2 1 

- £ [(n+(z/a)) 2 + (L P /a 2 )] . (28) 



The series in the above result cannot be written in closed form for the case D = 4. Consider the case D = 2. For 
such a case the series in £ P orl . above can be expressed in a closed form. Making use of the following two relations 
(cf. Ref. @, Vol. 1, p. 685): 

oo / 1 \ 

+ a2) " = ( 2^ ) + (£) C ° th(7ra) (29) 



T1 = 

and 



oo / \ 

^ [(ti + a) 2 + /3 2 ] -1 = I | 1 sinh(27r/3) [cosh(27r/3) - cos(27ra)]~ 1 

n= — oo \ " / 

we find that ^ orr can be expressed as follows: 



(30) 



/ i 



\8aLp 



sinh(27rLp/a) [cos(27rz/a) — cosh(27rLp/a)] 1 >. (31) 



G 



In the limit of Lp — > 0, we find that 

^Lr -» | (^2) i 1 - 3cosec 2 (7rz/a)) 

-Lp (^r-i \ (1 + 30cosec 2 (7rz/a) - 45cosec 4 (7rz/a)) I . (32) 
That is, the lowest order quantum gravitational corrections appear at O (Lp/a). 

B. Periodic boundary conditions 

1. Conventional result 

Let us now consider the case wherein we impose periodic boundary conditions on the quantum field along the 
z-direction. That is, let us assume that the scalar field $ takes on the same value at the points z and {z + a). For 
such a case, the operator H corresponds to that of a free particle with the condition that its eigen functions along the 
z-direction take on the same value at z and (z + a). Along the other (D — 1) perpendicular directions the operator H 
corresponds to that of a free particle without any boundary conditions. The complete kernel can then be written as 
in Eq. (^p|). where K±(x±,x±; s) is given by Eq. (|ll|). 

The normalized eigen functions of the operator H along the z-direction corresponding to an energy eigen value 
E = (4n 2 TT 2 1 a 2 ) are then given by 

^e(z) = ^e {2m7rz/a) where n = 0, ±1, ±2, . . . . (33) 

The corresponding kernel can then be written using the Feynman-Kac formula as follows (see, for instance, Ref. [||, 
p. 88): 

K(z,z , ;s)^^2^E{z)^W)e- lEs ^ (-} exp [2inn(z - z')/a] e -( 4 » 2 -Va 2 ) ; (34) 

E \ / n — — OQ 

which in the limit of z — » z' reduces to 

K(z,z;s)=(]\ £] e -(^V« 2 ). (35 ) 

^ ^ n— — 00 

Therefore, the complete kernel in D dimensions is given by 



K(x, x: s) 



\ 00 

- E e~ 4mVs / a \ (36) 



n— — 00 



(4 7 ris)( D - 1 )/ 2 J \a, 

Using the Poisson sum formula (see, for e.g., Ref. H, Part 1, p. 483) the above sum can be rewritten as 



K (x, x;s)=[ - ^_ Y e m a ' is = - ^_ ){ 1 + 2 V e m a ' is . (37) 

Substituting this expression in Eq. (Q) and setting m = 0, we obtain that 

,2,4„ )W yf^{ 1 + 2 | e "" /4 l (38) 



,. _ , I \ r da 

*--norr — 



Now, subtracting the quantity C^ OTT (given by Eq. (^) with m = 0) from the above expression, we get 



00 r OO 



£ corr - (£ C orr ^corr) - ( (4^)15/2 J X! J Q s D/2+l e ™ ° ^ ' ( 39 ) 
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The integral over s can be expressed in terms of the Gamma function (see, for instance, Ref. (Tl]], p. 934), so that 

/ rp/2) \ f ( T(D /2) \ 



(ira 2 ) D / 2 J ^ Una 2 ) / 2 

\ I ' 71=1 x v ' 

where £(D) is the Riemann zeta- function (see, for e.g., Ref. jl2), p. 334). 
Now, consider the case D = 4. For such a case, we find that 

r(2) 

(vra 2 ) 2 y V90o 4 



4" = ( 73 ) C(4) = ( ST3 ) • (41) 



Also, for the case D = 2, £ corr is given by 



c = I. W)) « 2 > - (sO • < 42 ' 



2. Results with the modified weightage factor 

Let us now evaluate the effective Lagrangian with the modified weightage factor. Substituting the kernel (|7|) in (]|) 
and setting m = 0, we obtain that 

^•(mMC***** { 1+2 | e '"'"' /4 | (43 > 

On subtracting the quantity £corr (given by Eq. (|2^) with m set to zero) from this expression, we get 

1 \ \ / CIS „V/1 f 2 ,„2„2n 



£ P = (£ P - £ PO ) = - V / i(4£?,+n 2 a 2 )/4 S / 44 n 

-°corr V^corr ^corrj I U^j\D/2 1^1 gD/2+1 ' V > 

As before, the integral over s can be expressed in terms of the Gamma function with the result 

- P ( rQP/2) \ " 2 MAT 2, 2.-D/2 ,,,, 

n=l 



>a 2 ) c / 2 

Now, consider the case D = 4. For such a case 



£ p = 

*"corr I o 



M£(n 2 +4L 2 P / a 2 )- 2 . (46) 



7r*cr 



71=1 



Using the following relation (cf. Ref. ||, Vol. I, p. 687): 

OO y 1 v OO 

E(- 2 +«T 2 = (i +E(- 2 + « 2 r 



71=0 



2^) + (4^) COth( ™ ) + (i^) cosech2 ( 7ra )' ^ 4? ) 
we can express £^ rr in a closed form as follows: 

£ - = {- (32^) + (32^) ^H2nL P /a) + (^) cosech^(2. ip / a) } . (48) 
For the case D = 2, £ P orr is given by 

£L r =f^)EK + 4L P /a 2 )- 1 . (49) 



71=1 



Using the following relation (cf. Ref. |u|]. Vol. I, p. 685) 

E(n 2 + a 2 )- 1 =(^)+E(^ + « 2 r 1 =(^) + (^) coth(.a), (50) 

n=0 ^ ' n=l ^ ' 

we can express C^ m . in a closed form as follows: 



,-p i / l A f i 



^ orr = <- ( ^-j + ^ ] coth^p/a) >. (51) 



Making use of the following series expansions (cf. Ref. pj, p. 36) 



coUiU.r) ( -L) ■ ^ f> 2 • ra 2 ) 1 (52) 



n.r 



and 



cosech 2 M = ( ) + (A) g{ ( ^ 2 + n n 2)2 [• , (53) 



we hnd that, in the limit of Lp — > 0, £corr reduces to 

V90aV ^ V945a 



^^{(^]-Ll(^-)\ (54, 



for the case D = 4 while it reduces to 

Z-~{(-sr)-*{i&n (55) 

for the case D = 2. The lowest order quantum gravitational corrections to the conventional results appear at 
0(L P /a*). 



III. THE EFFECTIVE POTENTIAL OF A SELF-INTERACTING SCALAR FIELD THEORY 

The system considered in this section is a massive, self-interacting scalar field in 4-dimensions (i.e. D=4) described 
by the action 



S[$] = J d 4 x £{<!>) = J d 4 a;|i^$a M $- V(3>) 



= J d 4 x - im 2 $ 2 - V int (*) j (56) 

where m is the mass and Vi„t($) represents the self-interaction of the scalar field. We are interested in studying the 
effects of small quantum fluctuations present in the system around some classical solution $ c . The classical solution 
will be assumed to be a constant or adiabatically varying so that its derivatives can be ignored. The effect of these 
fluctuations will be studied by expanding the action <S[$] about the classical solution $ c and integrating over these 
fluctuations to obtain an effective potential. This effective potential will contain corrections to the original potential 
V(* c ). 

Let <fr = ($ c + </>), where $ c is the classical solution. The above action, when Taylor expanded about the classical 
solution, yields, 



[ \d^d^ ~ \m 2 tf - ~V? t ($ c ) 2 j }. ( 57 i 







where 



(58) 



and we have set (SS[^]/5^)^ =<S? = 0, since $ c is the classical solution. The correction to the classical action <S[$ C ] 
is obtained by integrating the degrees of freedom corresponding to the variable (f>. 
Varying the action (pi]) with respect to <fi leads to the following equation of motion: 



(a^ + m 2 +V^($ c ))0 = O. (59) 
From this equation the operator H can be easily identified to be 

H=(d^+VU^c)). (60) 
Since V^ t ($c) is a constant, the kernel corresponding to the operator H above can be immediately written down as 



K(x,x;s) = ( j^-z ) exp- [tV^ e )s] . (01 ! 



Using the above Kernel, the effective potential will be evaluated by the conventional standard approach first and then 
by using the path integral duality principle. 

A. Conventional result 

In the conventional approach, we substitute the kernel given in Eqn. ( |6l| ) into Eqn. (0) to obtain, 

Ccmi = ~ (a^) r J ^ Wh6re «=( m2+ ^t(*c)). (62) 

The above integral is quadratically divergent near the origin. In the conventional approach, this integral is evaluated 
(after performing a Euclidean rotation first) with the lower limit set to a small cutoff value A with the limit A — > 
considered subsequently. Only the leading terms that dominate in this limit need to be retained. Therefore, by 
performing repeated partial integrations, we get, 



C ( 1 



V64tt 2 



1 a 2 1 I A \ 

— ---a ln(A/*) 



-a 2 ln( ^ ) -ja 2 } (63) 



where /i is an arbitrary finite parameter introduced to keep the argument of the logarithms dimensionless and 7 is 
the Euler-Mascheroni constant. The last two terms within the curly brackets, namely, a 2 ln(a//Lt) and 7a 2 , do not 
depend on A and hence are finite in the limit A — > 0. The term inside the square brackets however diverges. There 
are linear, quadratic and logarithmically divergent terms. The quadratically divergent term is independent of a and 
being just an infinite constant can be dropped while the other two divergent terms depend on a and thus cannot be 
ignored. 

For an arbitrary Vi n t, no sense can be made out of the above expression for £ C orr- One can only confine ourselves 
to those Vint for which the divergent quantities A _1 a and a 2 ln(A/x) have the same form as the original V( ( I > ). If 
that is the case, the divergent terms can be absorbed into constants that determine the form of V( ( I > ) and the theory 
can then be suitably reinterpreted. It is clear that for non-polynomial V( ( I > ), the above criteria will not be satisfied. 
Therefore, assume that V( ( I > ) is an nth-degree polynomial in $ with constants Ai, A2, • ■ • , A n . 



V($)=^A fc $ fe . (64) 



fc=i 



Then a = V" will be a [n — 2) degree polynomial and a 2 will be a 2(n — 2) polynomial. If the expression for £ corr is 
not to have terms originally not present in V($), we must have 

2{n-2)<n (65) 
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implying n < 4. Therefore, only if V($) is a polynomial of quartic degree or less can the divergences be absorbed and 
the theory reinterpreted. As an example, consider the case, 



Then 



(66) 



and 



(67) 



Carrying out the analysis, we get, 



where 



Voff = V(4 C ) - ^corr 

1 9 9 1 



4! 



AC - C c 



4! 



A t -nrr < I ) ,. 



v fin 



(68) 



A 



Vfinite = 



A + 

6 

1 

64tt 2 



32tt 2 
3A 2 



— + m 2 ln(A M ) 



ln(A/i) 



2 ' 



In 



1 

— I m~ 



+ 7 



(69) 



The original potential V($) had two constants m and A, which were the coefficients of 5> 2 and $ 4 . In V e g(& c ) these 
are replaced by two other constants m corr and A corr which are functions of to, A and an arbitrary finite parameter \i. 
These constants also contain divergent terms involving A. Using renormalization group techniques, one can interpret 
V(<&) suitably. We will not discuss these techniques in this paper. 



B. Results with the modified weightage factor 



With the modified weightage factor, substituting the kernel given in Eq. (|6|) in Eq. (g), we obtain that 

r°° ds 

.32*2 J in *3 



£co rr - - ( -t-s) r 5 ^ L%/S ^ S where a = K + KM) ■ (70) 



The above integral can be easily performed and the resulting C F olr can be expressed in a closed form as follows (see, 
for instance, Ref. jy], p. 340): 



C = ( 16?r2Lp2 ) ^2 (2L P ^) , (71) 



where K2(2Lpy/a) is the modified Bessel function. Since 



-xorr 



on subtracting this quantity from C P OIT , we obtain that 



C p = (C p - £ P0 

•^■"corr V corr ^corr 

l 



16ir 2 L 2 p 



{a K 2 (2L P y/^) -m 2 K 2 (2L P m)} . (73) 



Since 
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off 



V. 



cff 



\d^ c d^ c - l -m 2 ^ 2 c - V mt ($ c ) ) + L 



P ^ 

corr f 7 



(74) 



we have 



V, 



cff 



-to 2 <1> 2 



V mt ($ c ) 



16n 2 L 2 P 



K 2 (2L P V^) - to 2 K 2 {2L P m)) \. 



(75) 



The expression for the effective potential given above is applicable for arbitrary Vint- This is in contrast to the 
conventional approach where the divergences appearing in £ corr forced the potential to be a polynomial of quartic 
degree or less. Further, there is no need to introduce an arbitrary parameter fj, as was required in the conventional 
approach. The need for such a parameter arose because of the cutoff A that was introduced by hand in order to 
isolate the divergent terms appearing in £ C orr- The introduction of a fundamental length Lp in the theory dispenses 
with such a need. 

Specialize now to the case when 



V»nt(*) 



1 

4! 



A$ 4 . 



(76) 



Then 



V£t(*c)= 2 A* 2 



and 



m 



1 , 
2^ 



(77) 



For such a case, the corrections to the parameters of the theory can be obtained from V p e as follows: 



9$ 2 



*c=0 



m 2 - 



A 



16ir 2 L 2 p 



K 2 (2L P m) 



( mX 



\16ir 2 Lp 



K 2 (2L P m) 



(78) 



and 



$c = 



A - 



/ 9A 2 



( 3A " a 



{^^p) K2 ^-{l^) K2 ^ 



(79) 



where K 2 and K 2 denote first and second derivatives of the modified Bessel function K 2 with respect to the argument, 
respectively. In the limit Lp — > 0, we obtain, 



( m corr) 



2 , A(2 7 - 1) 2 



A 



+ 



32tt 2 
Ato 4 L 2 



32tt 2 



r 2 



to 2 ln(Lpm 2 ) 



12§^ N^to 2 ) + (47 + 3)] 



A + 



37 



16tt 2 



A 2 + 



3A 2 
32tt 2 



ln^m 2 ) 



+ 



Vffnitc = 



3A 2 m 2 i 2 



32tt 2 
A 



[ln(L 2 P m 2 ) + 2( 7 - 1)] 



+ 



4! 



32tt 2 
3A 2 
32tt 2 



In 1 



A 



In 1 + 



2m 2 c 
A 



2m 2 



A 



64tt 2 _ 
9A 2 
64tt 2 



$ 2 

llA 2 m 2 r2 



3A 2 m 2 
32tt 2 



■Lpln(L 2 P m 2 ) 



m 
~64tt 2 
to 6 

" 1927T 2 



In 1 



A 



2m 2 
Lf> h\(L 2 P m 2 



T 2 

1927T 2 



In 1 



A 
2m 2 



IK 



(80) 
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where 7 is the Euler-Mascheroni constant. By comparing Eqn. (|6{j) and Eqn. (^), it is seen that the divergent terms in 
the expressions for m„ n and X^ mr are of the same form as those for m corr and A corr . There is a quadratically divergent 
term as well as a logarithmic divergence. The finite terms appearing in (m^ orr ) and X^ OII which are independent of 
Lp are different from that appearing in Vfi n it c in Eqn. (|8(]). This is because the form of the cutoff used is different. 
It is also clear from the above expression that for m 7^ 0, Vg^ ite is finite in the limit Lp — > 0. 



IV. CORRECTIONS TO THE EFFECTIVE LAGRANGIAN FOR ELECTROMAGNETIC FIELD 

The system we shall consider in this subsection consists of a complex scalar field $ interacting with the electro- 
magnetic field represented by the vector potential A 11 . It is described by the following action (see, for e.g., Ref. |L5), 
p. 98): 

5[$,j4"] = J d 4 x£(<S>,A^) 

= j d i xUd^ + iqA^) (<9"$* - iqA^*) - m 2 $$* - ^F^F^j, 



(81) 



where q and m are the charge and the mass associated with a single quantum of the complex scalar field, the asterisk 
denotes complex conjugation and 

= d^A v - d v A^. (82) 

We shall assume that the electromagnetic field behaves classically, hence A^ is just a c-number, while we shall assume 
the complex scalar field to be a quantum field so that <I> is an operator valued distribution. Varying the action (|8l]) 
with respect to the complex scalar field <E>, we obtain the following Klein-Gordon equation: 

(0„ + iqAft) {d* + iqA») + m 2 ^)$ = 0. (83) 

From the above equation it can be easily seen that 

H^id^+iqA^id^+iqA^. (84) 



A. Conventional result 



In what follows we shall evaluate the effective Lagrangian for a constant electromagnetic background. A constant 
electromagnetic background can be described by the following vector potential: 

A 11 = (-Ez, -By, 0, 0), (85) 

where E and B are constants. The electric and the magnetic fields that this vector potential gives rise to are given 
by: E = Ez and B = Bz, where z is the unit vector along the positive x-axis. The operator H corresponding to the 
vector potential above is then given by 

H = (df - V 2 - 2iqEzd t - 2iqByd x - q 2 E 2 + q 2 B 2 ) . (86) 

Exploiting the translational invariance of this operator along the t and the x coordinates, we can write the corre- 
sponding quantum mechanical kernel as follows: 

K(x, x; s) 

diu f°° dp x 

x {y, z\ exp - [i (-d 2 + (p x + qBy) 2 - d 2 - (w + qEzf) s] \y, z). (87) 

This kernel then corresponds to that of an inverted oscillator along the z-direction (an oscillator with an imaginary 
frequency) and an ordinary oscillator along the y-direction. Therefore, using the kernel for a simple harmonic oscillator 
(see, for e.g., Ref. M, p. 63) we obtain that 
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x;s) = { ( isi?) (d^ky ) } ■ (88) 

Substituting this kernel in the expression for C colT in Eq. ([?]), we get 

£corr = " (l6^V I ^ e_l(m " l£)S (sinh(ga S )) (riS^ta)) ' (89) 

where a and 6 are related to the electric and magnetic fields E and B by the following relations: 

a 2 - b 2 = E 2 - B 2 and ab = E • B. (90) 

We can now interpret the real part of £ C orr as the correction to the Lagrangian describing the classical electromag- 
netic background given by: 

£ cm = -\F^F, V = i(E 2 - B 2 ) = \{a 2 - b 2 ). (91) 
From Eq. fl89|), it is easy to see that the real part of £ corr is given by the expression 

1 ^ f°° ds f 2 \ f Q as \ ( Qbs 



Re C - = -{Y^)J * C ° S(m S) Ufe) ) Ufe ) • (92) 

This quantity can be regularized by subtracting the flat space contribution which is obtained by setting both a and 
b in the above expression to zero. Such a regularization then leads us to the following result: 



Re ZcOTr = - (li) I f C ° S(m2s) { (^^)) (Snfb)) 1 



(93) 



Near s = 0, the expression in the curly brackets above goes as [— q 2 s 2 (a 2 — b 2 )/6\. Hence, Re £ C orr is still logarith- 
mically divergent near s — 0. But this divergence is proportional to the original Lagrangian C cm and because of 
this feature we can absorb this divergence by redefining the field strengths and charge. Or, in other words, we can 
renormalize the field strengths and charge by absorbing the logarithmic divergence into them in the following fashion. 
We write 

CeS = (£cm + Re £corr) = (4m + £div) + (Re £ C orr ~ £div) , (94) 

where we have defined £div a s follows: 



^--(i!?)r?^ m ' ,) H*' ( ' , -* ) } 



(!)« 



2 - 6 2 )=(T)(E 2 -B 2 )=Z£ cra (95) 
where Z is a logarithmically divergent quantity described by the integral 

t 
,48? 

Therefore, we can write 

£eff = (/3 C m + £div) + (Re £ C orr — £div) = (1 + Z) £ C m + ^finite, (97) 

where £fi n ite is a finite quantity described by the integral 



^=l4)f 7-(™H 06) 



jCfinite = (Re C 

corr - £div) 

i \ r ds 

16tt 2 



cos(m s) 



qaS ^ qbs ^ - 1 + igV (a 2 - 6 2 H . (98) 



^sinh(<7as) J \sm(qbs) J 6 

All the divergences now appear in Z. Redefining the field strengths and charges as 

E phy = (l + ^) 1 / 2 E ; B phy = (l + ^) 1 / 2 B ; q pby = (1 + Zy 1 ' 2 q, (99) 

we find that such a scaling leaves g p hyE p hy = ?E invariant. Thus it is possible to redefine (renormalize) the variables 
in the theory thereby taking care of the divergences. 



14 



B. Results with the modified weightage factor 

With the modified weightage factor, we find that the quantity £ P orr f° r the constant electromagnetic background 
is described by the following integral: 

£ p =-( —] [°° - e-* m2 ° e^f s ( qaS ) ( qbS ) (100) 
The real part of £ P orr is then given by 

R « £ »" = - (lib) [ $ ~ I" A - (sfe) ■ (101 » 

Regularizing this quantity by subtracting the flat space contribution (viz. the quantity obtained by setting a = b = 
in the above expression), we get that 

«" «- - - (d?) r $ ~ i™ 2 ' - <^ /s >] { (s&j) (-^5) - 4 ■ (io2 » 

We can now express the effective Lagrangian exactly as we had done earlier. We can define 

^eff = (^cm + Re -Ccoit) = (Am + ^div) + (^- C ^"corr — ^div) > (103) 

where we can now define £ p iv as follows: 

£ div = - (^) jf $ cos [m 2 s - (L 2 P / S )] {-i.V (a 2 - 6 2 ) 

= ^ (a 2 - 6 2 ) = ^ (E 2 - B 2 ) = Z p £ em . (104) 

Z p is now a finite quantity given by the integral 

Z P = (jj^) J cos (m 2 S - L%/s) = K (2mL P ), (105) 

where K (2mLp) is the modified Bessel function of order zero. Therefore, we can write 

£ P ff = (£ cm + £ p iv ) + (Re £ p rr - £ p v ) = (l + Z p ) £ om + £ P nitc , (106) 
where £ p nito is now defined as 

•^finite = (R e A;orr — ^div) 

x {(»)(^)- 1 + ^(« 2 -' 2 )}- 

We can now redefine the field strengths and the charge just as we had done earlier with Z p instead of Z. Z p is a 
finite quantity for a non-zero Lp, but diverges logarithmically when Lp is set to zero. Even in the limit hp — > 0, the 
quantity £g nite stays finite and the divergence appears only in the expression for Z p . 

In the limit Lp — > 0, we can make a rough estimation of the value of £ P nitc as follows. The quantity exp(— m 2 s — 
Lp/s) is a sharply peaked function about the value s = Lp/m <C 1. Therefore, we may, without appreciable error, 
expand the term in the curly brackets in the above expression for £g nitc in a Taylor series about the point s = 
retaining only the first non-zero term. Keeping the limits of integration from to oo, (and performing an Euclidean 
rotation in order to evaluate the integral) we obtain, 

- (^) (7(« 2 - b-f + 4aV) K 2 (2mL P ), (108) 

where K 2 is the modified Bessel function of order 2. Expanding K 2 in a series and retaining the terms of least order 
in Lp, we obtain, 

*P ~ ( 1 A ^ 4 („, 2 ,2\2 , a„2 u 2\ 



/ S~ "li s? < 7 <" - " > + 4 " » > (' - L **" »• < 109 » 
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V. CORRECTIONS TO THE THERMAL EFFECTS IN THE RINDLER FRAME 



In flat spacetime, the Minkowski vacuum state is invariant only under the Poincare group, which is basically a set 
of linear coordinate transformations. Under a non-linear coordinate transformation the particle concept, in general, 
proves to be coordinate dependent. For e.g., the quantization in the Minkowski and the Rindler coordinates are 
inequivalent Jl6| . In fact the expectation value of the Rindler number operator in the Minkowski vacuum state proves 
to be a thermal spectrum. This result is normally obtained in literature by quantizing the field in the two coordinate 
systems and then evaluating the expectation value of the Rindler number operator in the Minkowski vacuum state. 
If we are to evaluate the quantum gravitational corrections to the Rindler thermal spectrum in such a fashion then 
we need to know as to how the metric fluctuations modify the normal modes of the quantum field. But, as we 
have mentioned earlier, we only know as to how quantum gravitational corrections can be introduced in the effective 
Lagrangian. Therefore, in this section, we shall first evaluate the effective Lagrangian in the Rindler coordinates and 
then go on to evaluate the corrections to this effective Lagrangian. The derivation of the Hawking radiation in a 
black hole spacetime runs along similar lines as the derivation of the Rindler thermal spectrum. Hence the results we 
present in this section have some relevance to the effects of metric fluctuations on Hawking radiation. 

The system we shall consider in this section is a massless scalar field (in 4-dimensions described by the action 

5[4] - J d*Xy/=g £(*) = J d^x^-g j ~ g^ d» $d u 3>\ . (110) 
Varying this action, we obtain the equation of motion for $ to be 

h® = (V^gg^du) $ = o. (in) 



A. Conventional result 



The transformations that relate the Minkowski coordinates in flat spacetime to those of an observer who is accel- 
erating uniformly along the x-direction are given by the following relations Jl7| l : 

t = .9^(1 +g0 sinh(ffr) ; x = g^{\ + g£) cosh(.gr) ; y = y ; z = z, (112) 

where g is a constant. The new coordinates (r, £,y,z) are called the Rindler coordinates. In terms of the Rindler 
coordinates the flat spacetime line element is then given by 

ds 2 = (1 + g£) 2 dr 2 - d£ 2 - dy 2 - dz 2 . (113) 



Therefore, in the Rindler coordinates, the operator H as defined in Eq. (Ill) is given by 

6 55 { " OTW) 9 ' [(1 + gm " d?J " dl \ ' (114) 

where d x = (d/dx). This operator is translationally invariant along the y and the z-directions. Or, in other words, 
the kernel corresponds to that of a free particle along these two directions. Exploiting this feature, we can write the 
quantum mechanical kernel as 

K{x,x,;a\ giu ,)=(^A (r^\e^' s \r,0, (115) 



where 



On rotating the time coordinate r to the negative imaginary axis, i.e. on setting r = —ite, we find that 
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Now, let u = g 1 (1 + <?£), then 



"'^-^^-Idu.nOA). ins i 



If we identify u as a radial variable and gr^ as an angular variable then H' is similar in form to the Hamiltonian 
operator of a free particle in polar coordinates (in 2-dimensions) . Then, for a constant £, the kernel corresponding to 
the operator H' can be written as Pq,pl| 



T '>t\ e ~ iA ' S \ T '>0=(^A E exp[~^(l + ^) 2 (r-r' + 2«n 5 - 1 ) 2 ]. (119) 



if(a:,3:;s|g M „) = ( 1f J 2 , g2 ) E ex P (*/3 2 ™7 4s ) 

— — CXD 

1 + 2 E ex P («/? 2 « 2 /4s) I , (120) 



Therefore, the complete quantum mechanical kernel corresponding to the operator H (in the coincidence limit) is 
given by 

ft( t nr • « I n . . . 1 = I 

l07T z ZS 
1 

167r 2 is 2 

where /3 = 27rg~ 1 (l + g£). Substituting this kernel in the expression (^) and setting m = 0, we find that 

ssOjf £{i+*E«p(wv/«.)}- I™) 

On regularization, i.e. on subtracting the quantity C® OTT (given by Eq. ( |l9| ) with m = 0) from the above expression, 
we obtain that 

£ corr = (£ corr - £« orr ) = - ( JL) E jf J ex P (^ 2 « 2 /4^) ■ (122) 
The integral over s can be expressed in terms of Gamma functions (see, for e.g., Ref. jyl, p. 934), so that 

M^)£»-^)««>-(i&). 

where we have made use of the fact that C(4) = (tt 4 /90) (cf. Ref. |@, p. 334). 

Two points need to be noted regarding the above result. Firstly, £ cor r corresponds to the total energy radiated 
by a black body at a temperature /3 _1 . Secondly, there arises no imaginary part to the effective Lagrangian which 
clearly implies that the thermal effects in the Rindler frame arises due to vacuum polarization and not due to particle 
production. 



1. Spectrum from the propagator 
The Feynman propagator corresponding to an operator H can be written as (cf. Eq. ([!])) 

/•OO 

G ¥ {x,x') = -i dsK(x,x';s\g^), (124) 
Jo 

where K(x, x'; s\g^ u ) is given by Eq. (||). (Note that since we are considering a massless scalar field we have set m = 0.) 
For the Rindler coordinates we are considering he re, th e propagator is obtained by substituting the kernel ( |120| ) in 
the expression for the propagator as given by Eq.(124). If we set £ = £' = 0, y = y' and z = z', we find that the 
propagator is given by 
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G F (x,x') = G(Ar) = - 



16tt 2 



ds 



— ^2 exp- [i(Ar + i/3n) 2 /4s] 



4^2) E (Ar + 2 7 rm 5 - 1 ) 



n— — 00 



where Ar = (t — r'). Also, since we have set £ = 0, fi = (2Tr/g). (Compare this result with Eq. (3.66) in Ref 
Fourier transforming this propagator with respect to At, we find that 



P(fi) 



/OO 
dAre- mAT Gf(At) 
-OO 

■ \ f> 00 n=oc 

=0 / ^ E 



n— — 00 



(Ar + i/3n) 



1 







v 2tt/ V e/3 ° - 1, 

i.e. the resulting power spectrum is a thermal spectrum with a temperature /3 _1 . 



B. Results with the modified weightage factor 

Let us now evaluate the effective Lagrangian in the Rindler frame with the modified weightage factor, 
substituting the kernel (120) in the expression (ph for C^ OTT and setting m = 0, we obtain that 



C F . . = - 



1 



1 + 2 ^ exp (i(3 2 n 2 /4,i 



On regularization, i.e. on subtracting the quantity C^ IT (with m = 0) from C^ OII , we find that 

£ p = (C p - £ F 

'-'corr V corr 



-P0 \ 
-'coir ) 



1 \ POO j _ _ 

s ' ^ e lL ^ J] exp (i0 2 n 2 /4s) 



167T 



••>- 

00 r oo 



n=l 



-L)f ( /3V + 4^)- 

' n— 1 
1 \ °° 

^ 71—1 



Using the relation (pOh, we can express C^ mT in a closed form as follows: 



~p 

-'corr 



327r 2 Lp / \327rajjp 



1 



-^3- J coth(27rLp/a) 



1 



16a 2 Lp 



cosech 2 (2-kL p/a) 



Making use of the series expansions (52) and (p3|), we find that, as Lp — ► 

.2 \ / o_4 



p 

corr 



4 / p V945/3 6 



V90/? 4 
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1. Spectrum from the modified propagator 



The propagator with the modified weightage factor is given by 

/>oo 

Gl(x,x') = -i / dse iL r /s K(x,x';s\gf, u ). 
Jo 



(131) 



In the Rindler coordinates, we find that, if we set £ = £' = 0, y = y' and z — z', the modified propagator is given by 

1 



G£(Ar) = - 



16tH 



as \ - 

n — — infty 



l(Ar + z/3n) 2 -^ 
4s s 



i 

4^ 2 ; 



F J £ [(Ar + 2 7 r*^ 1 )- 2 -4L 2 3 ]- 1 , (132) 

' n— — oo 

where, as before, At = (r — r ). Fourier transforming this modified propagator with respect to Ar, we obtain that 



/oo 
dAre~ mAT Gp(Ar) 
- OO 



4tt^ 

1 \ /|sin(2ni P ) 
2T 



2fiL, 



[(At + i/3n) 2 - 4L 

n 



,J3Q _ i 



(133) 



This modified shows an appreciable deviation from the Planckian form only when j3 ~ Lp. But when /? ~ Lp, the 
semiclassical approximation we are working with will anyway cease to be valid. 



VI. CORRECTIONS TO THE GRAVITATIONAL LAGRANGIAN 

The system we shall consider in this section consists of scalar field <& interacting with a classical gravitational field 
described by the metric tensor g^. It is described by action 



= J d D x y/^gCig^,*) 



d u x 



-9 



(R - 2A) + ±grd»*d u * - im 2 $ 2 - ^R<Z> 2 



(134) 



where R is the scalar curvature of the spacetime, A is the cosmological constant and G is the gravitational constant. 
Setting the parameter £ = or £ = (1/6) corresponds to a minimal or conformal coupling of the scalar field to the 
gravitational background respectively. We are interested in finding quantum corrections to the purely gravitational 
part of the total Lagrangian. This will be done as usual in the framework of the semiclassical theory by considering the 
one-loop effective action formalism. In the conventional derivation, divergences arise in the expression for £ C orr- There 
are three divergent terms, two of which are absorbed into the cosmological constant A and the gravitational constant 
G and thus Einstein's theory is reinterpreted suitably. The third divergent term cannot be so absorbed. Extra terms 
will have to be introduced into the gravitational Lagrangian in order to absorb this divergence |20) . When the duality 
principle is used however, no divergences occur. The cosmological constant and the the gravitational constant are 
modified by the addition of finite terms which are seen to diverge in the limit Lp — > thus recovering the standard 
result. 



A. Conventional result 



In what follows we shall first briefly outline the conventional approach to calculating £ C orr and then use the path 
integral duality prescription to compute the corrections to the gravitational Lagrangian. 
Varying the above action with respect to we obtain that 
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1 -.d M (V=99^d u ) + m 2 + ) $ = 0. (135) 



-g 

Comparing this equation of motion with Eq. (|^) , it is easy to identify that 

1 



H = \ -7=d» W^g^du) +m A + £i?J . (136) 

In /^-dimensions, the quantum mechanical kernel K(x,x';s\g iiv ) (cf. Eq. (j^)) corresponding to the operator H 
above, can be written as [EolEll 



where 



K(x,x';s\g^) = ( ( ' D/2 ) e^'W 2 * A 1 ' 2 ^,*') Ffca/;*), (137) 



i r , , r dx^ 1 



^x') = ^ o ^|^^^| 1/2 (138) 
is the proper arc length along the geodesic from x' to x and A 1 / 2 (x, x') is the Van Vleck determinant given by 

A 1/2 (x, a/) = ^-[-.g(x)r 1/2 det[^cU(x, a;')] [-<?(a;')] _1/2 J . (139) 
The function F(x, x'; s) can be written down in an asymptotic expansion 

oo 

F(x,x'; s) = y~] a n (is) n = a + ai(x,x') (is) + a 2 (x,x') (is) 2 + . . . , (140) 

71=0 

where the leading term ao is unity since F must reduce to unity in flat spacetime. 

Substituting the quantum mechanical kernel above in the expression for £ corr given by Eq. (Q), we obtain that 

= - lim f ^y ) P Je-*» W!/" 



x {1 + ai (x,x') (is) + a 2 (x.x') (is) 2 + . . .} . (141) 

In the coincidence limit, a(x,x') vanishes and one sees that the integral over the first three terms in the square 
brackets diverge. The integral over the remaining terms involving 03, 04 and so on, are finite in this limit. Therefore, 
the divergent part of £ CO rr is given by 

£ ^ = ~ (32V) r $ e ~ im2s {i + ai{x ' x) {is) + a2{x > x) (is)2} ' (w2) 



where the coefficients a\ and a 2 are given by the relations [gO] 



a x {x,x) = \\-t)R(x) (143) 



and 



a 2 (x, x) = - I - - CJ <T + J (^6 ~ V ^ + 180 R ^ R ~ Y&0 R ^ ' (W4) 

Since ai and a 2 depend only on R^xp and its contractions, they are purely geometrical in nature. The divergences 
arise because of the ultraviolet behavior of the field modes. These short wavelengths probe only the local geometry 
in the neighborhood of x and are not sensitive to the global features of the spacetime and are independent of the 
quantum state of the field <i>. Since the divergent part of the effective Lagrangian is purely geometrical it can be 
regarded as the correction to the purely gravitational part of the Lagrangian. The divergence corresponding to the 
first term in the square brackets can be added to the cosmological constant thus regularizing it while the divergence 
due to the second term can be absorbed into the gravitational constant giving rise to the renormalized gravitational 
constant which is finite. The third term which involves a 2 contains derivatives of the metric tensor of order 4 and 
this term represents a correction to Einstein's theory which contains derivatives of order 2 only. Therefore one needs 
to introduce extra terms into the gravitational Lagrangian so that these divergences can be absorbed into suitable 
constants [EOf. 
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B. Results with the modified weightage factor 



Let us no w ev aluate the corrections to the gravitational Lagrangian with the modified weightage factor. Substituting 
the kernel (137) into Eq. (m, we obtain 



£ F = 

^corr 



1 



32 7T 2 

4 



m 



32 7T) 



ds 
2 



Lp m 2 



L ^ /s {1 + oi (a;, a) (is) + a 2 (x,x) (is) 2 + . . .} 
2 



K 2 (2L P m) 



Lp m 3 
2 



K\{2L pm)a\{x , x) 
Ko(2Lpm)a,2(x, x) + 



(145) 



where Kq, K\ and .K2 are the modified Bessel functions of orders zero, 1 and 2, respectively. 
The effective Lagrangian for the classical gravitational background is therefore given by 



•£ e ff — (£gr 



, Of 1 

grav T i-corry 
1 -i? 



16ttG c 



8ttG co " " 16^ 2 



K (2L P m)a 2 (x, x) + 



(146) 



where, 



,\ - ^±K2(2Lpm) 



2ttL 2 p 
m ( 1 



G c 



G ttLp V 6 



(147) 



In Eq. ([)]), the duality principle demanded that the Kernel be modified by a factor exp(iLp/s) where L 2 P is the 
square of the Planck length. But, as mentioned earlier, Lp could as well be replaced by r/Lp where 77 is a numerical 
factor of order unity. Therefore, we replace Lp in the above equations by rjLp and since Lp = G by definition, the 
formula for G CO rr can equivalently be written as 



mVG (\ 



G r 



G 



rjir \6 



(148) 



In the limit (r/m) — > 0, using the power series expansion for the functions Ki(2r\\fGm) and Ki(2r]yGm), we can 
write the corrections to G and A as follows: 



A r . 



and 



G r 



A 
A 



1 

G 



1 



2irri 2 \2i) 2 Gm 2 
m 2 1 



Atttj 2 knrfG 



1 / 1 



27T77 2 \6 



(149) 



(150) 



For the case when the scalar field is assumed to be coupled minimally to the gravitational background, i.e. £ = 0, 
the correction to G reduces to, 



1 



Gr 



1 

G 



1 



1 



127T77 2 



(151) 



while for conformal coupling where £ = 1/6, the correction to G vanishes. 
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VII. CORRECTIONS TO THE TRACE ANOMALY 



The problem concerning the renormalization of the expectation value of energy-momentum tensor in curved space- 
time is considerably more involved than the corresponding problem in Minkowski spacetime. This concerns the role 
of the energy- momentum tensor in gravity. In flat spacetime only energy differences arc meaningful and therefore 
infinite constants like the energy of the vacuum can be subtracted out without any problem. In curved spacetime, 
however, energy is a source of gravity. Therefore, one is not free to rescale the zero point of the energy scale in an 
arbitrary manner. In the semi-classical theory of gravity, one can carry out the renormalization of (T^-) in a unique 
way using different methods like the ^-function renormalization technique, dimensional regularization and other meth- 
ods. Since (X^) can be obtained from the effective action by functionally differentiating with respect to the metric 
tensor, the renormalization procedure is therefore connected with the renormalization of effective action which was 
described in the previous section. Upon specializing to theories where the classical action is invariant under conformal 
transformations, it can be shown that the trace of the classical energy-momentum tensor is zero. But, when the 
renormalized expectation value of the trace is calculated, however, it is found to be non-zero. This is the conformal or 
trace anomaly. It essentially arises because of the divergent terms present in the effective action. When the principle 
of path integral duality is applied, no divergences appear and hence one would expect the trace anomaly to vanish. 
But because a fixed length scale appears in the problem, the trace anomaly is still non-zero. 



A. Conventional result 



In this section we derive the formula relating the trace of the energy momentum tensor and the effective action. 
We then apply the duality principle and derive an explicit formula for the trace anomaly. In the limit of Lp — > 0, it is 
shown that the usual divergences appear which when renormalized using dimensional regularization and zeta function 
regularization techniques yield the usual formula for the trace anomaly. 



Consider a scalar field that is coupled to a classical gravitational background as described by the action (134). The 
energy-momentum of such a scalar field can be obtained by varying the action with respect to the metric tensor g^ v 
as follows [E2f: 




ss 

fig^u, 



g^m 2 ® 2 




2\ iK" 



where G» v = (R^ - {l/2)g' iv R). Using the field equations (135), the trace of T» v is 



T n = (6£ - 1)^$9 M $ + £(6£ - l)i?$ 2 + (6£ - 2)to 2 $ 2 



(152) 



(153) 



For the conformally invariant case, i.e. when £ — 1/6 and m — 0, the trace vanishes. Thus, if the action is invariant 
under conformal transformations of the metric, the classical energy-momentum tensor is traceless. Since conformal 
transformations are essentially a rescaling of lengths at each spacetime point x, the presence of a mass and therefore 
the existence of a fixed length scale in the theory will break the conformal invariancc. 

On the other hand, the trace of the renormalized expectation value of the energy momentum tensor does not vanish 
in the conformal limit. In the semiclassical case, the expectation value of is given by 



5S C , 



y/-9(x) Sg^ 1 



(154) 



where 



(155) 



Consider the change in iS CO rr under an infinitesimal conformal transformation 

g^v -* g^v = 0, 2 (x)g IJ , v with fl 2 (x) = 1 + e(x) and 8g^ v = e(x)g ltb 



(156) 
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Regarding iS corr as a functional of fl 2 (x), with g^ u being a given function, one obtains, 



5S COII [^l 2 {x)g^ v \ 



e(x) 



Thus, 



Therefore, 



sn 2 (a 



f2 2 (a;) = l 



2 (55 corr [f7 2 (a;)5 Ml/ ] 



^=5 50 2 (x) 



n 2 (x)=i 



Now, 5 corr is given by the formula 



<?corr [<?, 



>ll'\ 



' ds 



- / d xyf^g / — (a;|e 



-isH I 



(157) 



(158) 



(159) 



(160) 



It can be shown that under a conformal transformation p0[ , 

H{x) -> H(x) = Q~ 3 (x)H(x)fl(x). (161) 

where H(x) is given by Eqn. ( |136[ ) in the conformal limit with £ = 1/6 and m = 0. The corresponding relation 
satisfied by the operator H under a conformal transformation is 



H = Q^HQ- 1 
while the trace operator Tr defined by the relation 

Tr(H) = I d i xy/=g~(x\H\x) 



(162) 



(163) 

remains invariant pi] . Both the above relations can be easily proved as follows. First note the following definitions. 
In the abstract Hilbert space, one has the relations, 

(x\H\x') = H(x)S(x - x')[~g(x')}-^ 2 

1 = J d i x^/—g\x) {x\ (completeness relation) 

(x\x') = [-g(x')]- 1/2 6(x - x') (Orthonormality relation) (164) 

Since the completeness and orthonormality relations remain invariant under a conformal transformation, we get, 



\ X ) -» \x) = n- 2 (x)\x). 



(165) 



Now, using Eqn. (161) and the definitions given in Eqn. (164), 



H(x)S(x - x 1 ) = n- 3 (x)H(x)n(x)S(x - x 1 ) 
= n- 3 (x)n(x')H(x)5(x - x') 
= tt- 3 {x)tt{x')^J -g{x'){x\H\x') 
= ^f-g{x')(x\VL- 3 H?L\x'). 



(166) 



We also have, 



H(x)5(x - x') = y/-g(x')(x\H\x') 



y/-g(x>)(x\n- 2 HSl 2 \x') 



(167) 
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Comparing the above two equations, it is easy to prove the relation given in Eqn. (HI). Similarly, using the invariance 
of the completeness relation under a conformal transformation, the relation given in Eqn. (162) can also be proved. 
Using the above results it is easy to show that 



Tr{e~ lstl ) = Tr{e 



) = Tr{e 



(168) 



Using th e ab ove formula for <S corr , and the above results, one finds that under the infinitesimal transformation given 
in Eqn. fll56l ), 



^fnrr J L 



= —\d 



■>\ -U 1 —(x\e 



-isCl~ Hi 



(169) 



The above expression for 5 corr is clearly divergent at s = as shown in the previous section. Making a change of 
variable s — > s' — sil~ 2 , it appears that 



'ds' 



°' H \x) ee 



(170) 



But such a change of variable is not valid since the integral is divergent. To make sense of such an integral, one resorts 
to various techniques to determine the trace anomaly. As shown in pp| , |2l[ | , using the C function approach, the trace 
anomaly is shown to be equal to {Ai:)~ 2 a2{x, x). 



B. Results with the modified weightage factor 

But, if one modifies the propagator (x\e~ tsH \x') using the duality prescription, then the expression for <S cor r [^ 2 .9/w] 
becomes, 



S corr [fiV] = -\ [ d^x^—g r <^e^l s {x\e-^ 2fl \x) 



(171) 



The equation (171) now has no divergences. Making a change of variable s — ► s' = sfi 2 , which is valid now, one 
obtains, 



(172) 



Using the formula for the trace of the energy momentum tensor (159), one finally obtains 



[T%) = ~L% I J ^ L r/°(x\e^ H \x) 



(173) 



Using the formula for the propagator given in Eqn. (137) in 4 dimensions and evaluating the integral over s 



<n> = 



(4tt) : 



n—3 



%-3)(2M 



(174) 



where K n is the usual modified Bessel function of order n. If the limit Lp — > is considered, then the expression 
above reduces to 



lim (T») = lim 



Lp^O (47r) 2 



1 

7*" 



<X\ — rn 
2L% 



1 



2(4tt) 



:(2a,2 — 2m 2 a\ + m 4 



(175) 



The terms present in the square brackets represent the divergences that are present in the evaluation of the energy- 
momentum tensor without using the duality principle. These divergences need to be regularized by other methods 
like the £ function approach mentioned earlier. The finite part that remains is the last term that, in the conformal 
limit, reduces to {Ait)~ 2 a2(x, x). Therefore, in the limit of Lp — > 0, the standard result is recovered. 
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VIII. DISCUSSION 



In this paper, we had evaluated the quantum gravitational corrections to some of the standard quantum field 
theoretic results using the 'principle of path integral duality'. We find that, the main feature of this duality principle, 
as we had stressed earlier in the introductory section, is that it is able provide an ultra-violet cut-off at the Planck 
energy scales thereby rendering the theory finite. One key feature of thisapproach is that the prescription is completely 
Lorentz invariant. Hence we could obtain finite but Lorentz invariant results for otherwise divergent expressions. 

The obvious drawbacks of the approach are the following: 

(i) The prescription of path integral duality is essentially an ad-hoc prescription. It is not backed by a theoretical 
framework which is capable of replacing the conventional quantum field theory at the present juncture. Hence, the 
prescription only tells us how to modify the kernels and Green's functions. To obtain any result with the prescription 
of path integral duality we have to first relate the result to the kernel or Green's function, modify the kernel and 
thereby obtain the final result. 

In spite of this constraint we have been able to show in this paper that concrete computations can be done and 
specific results can be obtained. As regards the ad-hocness of the prescription, it should be viewed as the first step in 
the approach to quantum gravity based on a general physical principle. It's relation with zero-point length and the 
emergence of analogous duality principles in string theories, for example, makes one hopeful that it can be eventually 
put on firmer foundation. 

(ii) The modified kernel (based on the principle of path integral duality) may not be obtainable from the standard 
framework of field theory based on unitarity, microscopic causality and locality. (We have no rigorous proof that 
this is the case; however, it is quite possible since standard field theories based on the above principles are usually 
divergent.) 

It is not clear to us whether such principles will be respected in the fully quantum gravitational regime. It is very 
likely that the continuum field theory which we are accustomed to will be drastically modified at Planck scales. If that 
is the case, it is quite conceivable that the quantum gravitational corrections also leave a trace of the breakdown of 
continuum field theory even when expressed in such a familiar language. As an example, consider an attempt to study 
and interpret quantum mechanics in terms of classical trajectories. Any formulation will lead to some contradictions 
like, for example, the breakdown of differentiability for the path. This arises because we are attempting to interpret 
physical principles using an inadequate formalism. 

The next logical step will be to attempt to derive path integral duality from a deeper physical principle using 
appropriate mathematical methods. This should throw more light on, for example, the connection between path 
integral duality and zero-point length which at the moment remains a mystery. We hope to address it in a future 
publication. 
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